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A new method is proposed, which allows for the determination of the ground state energy and 
the natural orbitals (NO's) of a two-electron system directly and simultaneously. The basis for 
this calculation is a system of integrodifferential-equations, which defines those NO's. 

1. Introduction 

Natural orbitals of two-electron systems are of 
new interest since they have been used successfully 
in the P N O - C I - p r o c e d u r e [1], As is wellknown, the 
defini t ion and the first evaluat ion of the NO's goes 
back to Löwdin [2], Thereaf ter several indirect and 
direct methods, i.e. methods with or without knowl-
edge of the wavefunct ion, for the calculation of the 
N O ' s have been given, cf. [3], [4], [5], [6] and others. 

In this paper a new method is proposed, which 
allows to calculate the NO's immediate ly f rom the 
system of integrodifferential equat ions defining the 
NO's . The basic idea is the use of a gradient 
method to min imize a certain quadra t ic functional 
in a Hilbertspace. It is shown that the solution of 
this "Extremal p rob l em" is equivalent to the deter-
minat ion of the NO's . 

Remark: T h e method was developed to determine 
natural nuclear and electronic orbitals ("non-Born-
O p p e n h e i m e r orbi tals") directly; this will be shown 
in a subsequent paper . Such orbitals were proposed 
by Bishop and Cheung [7] and calculated by an 
indirect procedure , requiring the knowledge of the 
complete wavefunct ion. 

2. The Calculat ion of the N O ' s 

The Hami l ton ian H of a two-electron system may 
be given in the usual f rom 

/ / = /? (1) + /? (2) + gr (1, 2) 
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with the well known NO-expans ion of the (singlet) 
ground-state e igenfunct ion t//as 

i 

Independent variat ion [3] of the energy 
n n 

E = 2X c)hu+ X CiCjKjj, 
/-1 i.j 

= {Xi h x,), Kjj = (XiXi 9 XjXj) 

with respect to the y, = y\n ) and the c, = c\n) l imited 
to a «-dimensional subspace yields the system of 
integrodifferential equat ions 

n n 

c]hXi + X CiCjKjXi = X KijXj, ( 1 = 1 , . . . , « ) , (1) 
7 = 1 7 = 1 

n 

2 c , A , + X cj Kjj = ECj, (2) 
7 = 1 

( / / ! * / ) = <5/7, ( / , / = 1 , . . . , « ) ( 3 ) 

with the usual def ini t ion of the exchange opera tor 

KjXi(1) = ( j Z/ (2) # (1, 2) Xj (2) dr 2) Z7 (1) 

and the Lagrange pa ramete r = kji. 
There are as many equat ions as unknowns, 

namely In for the and c,; for the y ( n 2 + n) La-
grangeparameter there is exactly the same 
number of constraints - cf. (3) - f rom the ortho-
normali ty of the N O ' s Xi-

The solution of the system is obta ined by a two 
step i teration procedure , decoupl ing the system 
partially. Equat ion (2) is used to de te rmine E and 
the c, ; the y, are obta ined f rom (1) under the con-
straints (3). The method is demons t ra ted for the 
case n = 2; an extension for n > 2 is per formed 
analogously. 
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Expansion and approx imat ion of the y, with 
respect to the complete o r thonormal system {&k} 

m 
XJ = Z a'k&K, I&J <?>k) = ÖJK 

k = 1 

yields the mat r ix formula t ion of the system of in-
tegrodifferential equat ions above: 

Xi = '-i i X\ + '>\2 X2, ( / , Xj) = Öij , 

F2X2 = *\2X\ +'.22X2, 0 ' J = 1 , 2 ) , (4 ) 

with 

Ac = Ec 

Fjk=(0j F'0k), 

F' = e)h + c, c, K, +cic1K1, ( / = 1 , 2 ) , 

'2/7,| -(- Ku K]2 

( 5 ) 

A = 
Ky 11*22 + K 

With known values for the c, and y, f rom a fo rmer 
iteration cycle the matr ix A is est imated first, then E 
and new c, are ob ta ined f rom (5) by matrix diago-
nalization. With these new c, but the old y, the 
matrices F1 and F 2 are constructed. 

New x h i.e. new a k , are obta ined f rom the 
m i n i m u m of the quadra t i c fo rm 

F(X\,X2) = (X\ F]Xi) + (X2\F2X2) 
m 

= Z [F)ka)a[ + F2
ka2al), (6) 

A k = I 

g\ = (x\ xi)~ i = o, 
92 = (X2 X2) - 1 = 0 , 

03=Cf l lX2) = O. (7) 

This statement follows f rom the fact that the deter-
minat ion of the Xi f r o m (4) is equivalent to the cal-
culation of the m i n i m u m of the quadra t ic func-
tional (6) under the constraints (7) in a 2 w - d i m e n -
sional Hilbert space. The introduct ion of a 2m-d i -
mensional space is necessary because there are 2m 
independent variables a) and a2 ( z = l , . . . , m) in 
the quadra t ic funct ional F(y\, Xi) (6). The equiv-
alence follows f rom the Euler-equat ions 

of the given variational problem: min F under 
yk = 0. Equation (8) written out in full is 

2 Fxx\ +2p\X\ +,"3/2 = 0, 

2 F 2 y 2 + pyx\ + 2/^2/2 = 0 . (9 ) 

The equivalence of (6) — (7) with ( 4 ) - ( 5 ) is given 
directly by (9) with 

P\ =-/-!,, H2=~'-22, Hi = 2 Ä\2 • 

For the calculation of the m i n i m u m of F under the 
constraints gk = 0 we take advantage of the fact that 
the gradient V F is orthogonal to the tangent plane 
of the directions allowed by the constraints, i.e. 

(VF Vgk) = 0 , ( k = 1, 2, 3 ) . (10) 

The direction ; = 1 1 j or thogonal to the gradients 

of the constraints is given by 

-i = F ' y , - ( / , Fl x\) X\ 

-{U/2 F1 X\) + (X\ F2X2)]X2, 

=2=F2 X2-{X2 F2 X2) X2 

- { [ ( / 2 F 1 / , ) + ( / , F 2
/ 2 ) ] y , . 

( I D 

This is easily verified by ( : Vgk) = 0. 
With y / ( 0 = / j i t ) + tZj, ( / = 1,2), / g R the gra-

dient F O ' i ( 0 , >'2 ( 0 ) is varied until F is stat ionary, 
i.e. t is determined f rom 

(VF z) = 0. (12) 

This yields 

(--1 F ' Z l ) + (r2 F2X2) 
(r, F , r 1 ) + (--2

iF2 . -2) 

The y (( / ) obtained f rom stationary F are ortho-
normalized and the whole process is pe r fo rmed 
until self consistence is reached. 

For this usually good converging iteration process 
starting values of c, and / , are needed. Because the 
system of integrodifferential equations for n = 1, 2 , . . . 
is solved successively we get a good approx imat ion 
with / \ = yHF for n = 1. In the case n = 2 we choose 
Ci < 1, c2 > 0 and c2 + c\ = 1 without fur ther restric-
tions. An approximat ion for y2 is obtained f rom 

F2/2 = '-\2X\ + 2 2 / 2 

(8) with /.]2 = 0. which now is of the Hartree-Fock type. 
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Table 1. Values of E, F, and aj, for three NO's in a.u. 

£=-2.87886947 F= - 0.94597377 

r, = 0.99782 c2 = - 0.06555 c3 = -0 .00812 

/ , : 0.93463 -0 .32385 0.13740 -0.04861 0.01729 
-0 .00612 0.00199 -0.00072 0.00022 -0.00007 

Xi'- 0.35429 0.81928 -0.43565 0.10008 -0.05606 
0.01618 -0 .00497 0.00330 -0.00063 0.00079 

-0 .02596 -0 .46433 -0.85520 0.18170 0.05406 
0.12098 0.03037 0.02262 - 0 . 0 1 8 1 1 - 0 . 0 0 4 8 8 

; . , , = - 0 . 9 3 3 0 6 ;.,2 = - 0.02126 ; . 1 3= 0.00028 
;.22 = - o.o 12413 ;.23 = - 0.00068 ;.33 = - 0.00051 

3. Discuss ion of the Result 

T h e m e t h o d was tes ted fo r the H e - a t o m in the 
r a d i a l - l i m i t - a p p r o x i m a t i o n , wi th the bas is (m = 10) 

and the in tegra ls (rj = 2.5) t a k e n f r o m D a v i s [8], 
In a d d i t i o n to t he va lues of t he c,'s, y, 's a n d E fo r 
n = 3 the m i n i m a l va lue of F a n d t h e L a g r a n g e -
p a r a m e t e r s.jj wi th 

'-ij = i'/i F1 / j ) , ( i , 7 = 1 , 2 , 3 ) 

a re ca lcu la ted . 
T h e c o n v e r g e n c e of t h e g r a d i e n t m e t h o d is r a p i d , 

only a f ew ( a b o u t 8) i t e r a t ions a re r e q u i r e d . C o n -
ve rgence p r o b l e m s as m e n t i o n e d e.g. in [5] do not 
occur . 
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